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The Community in the Late 60’s, Early 70’s 2(20)

When I started as PhD student in 1970, the community was bubbling
with learning concepts like

Learning Machines, Nils Nilsson, 1965

Foundations of the Theory of Learning Systems, Tsypkin, 1970

Adaptation and Learning in Automatic Systems, Tsypkin, 1971

....
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Ya. Z. Tsypkin 3(20)

Tsypkin was one of
the leaders in this
trend on learning
systems, and I (with
K.J. Åström) de-
cided that I would
spend 6 months in
Moscow with Tsyp-
kin’s group in 1972
as a “pre-doc”.
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Stochastic Approximation 4(20)

In those days, “learning systems” was really another term for
applying Stochastic Approximation to various control and estimation
criteria.

Institute of Mathematical Statistics is collaborating with JSTOR to digitize, preserve, and extend access to
The Annals of Mathematical Statistics.

www.jstor.org
®

Annals of Mathematical Statistics, Vol 22 1951, pp 400-407

The Robbins-Monro scheme, 1951

Solve M(x) = 0, where measurements H(x, t) = M(x) + e(t) are
available:
Do xt = xt−1 + γtH(xt, t) , with ∑ γt = ∞ ∑ γ2

t < ∞
Then xt → x∗, M(x∗) = 0
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LMS - Another Thread 5(20)

ADAPTIVE  SWITCHING rTRCUITS 

hy 

b.   Widrow 

M    E    Huff 

Technical   Report  No     1553-1 

June   30,   1960 

Dtpriduetio« in •hol« or in part 

is ptraitttd for »»y pvtftBt at 

tkt     Unittd     St*t«t     Coxraatnt. 

Prepared under Office of Naval Research Contract 
Nonr 225(24), M) 373 360 

Jointly supported by the U.S. Army Signal Corps, 
the U.S. Air Force,  and the U.S. Navy 

(Office of Naval Research) 

Solid-State Electronics Laboratory 
Stanford   Electronics   Laboratories 

Stanford University 
Stanford,   California 

Stanford  Electronic Lab Report June 30 1960

In 1960 Bernie Widrow studied the linear
regression problem y(t) = ϕT(t)θ + e(t)
min V(θ) = min E(y(t)− ϕT(t)θ)2

He suggested to solved it by the Least Mean Squares (LMS)
algorithm

θ̂(t) = θ̂(t− 1) + γϕ(t)(y(t)− ŷ(t))

where ŷ(t) is the model output at time t.

A moment’s reflection
shows that this is the RM scheme applied to
V′(θ) = Eϕ(t)(y(t)− ϕT(t)θ) if ŷ(t) = ϕT(t)θ̂(t− 1)
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"Learning and Training" 6(20)

But Widrow introduced an anthropomorphic language around this
with “learning”, “teaching”, “training phase”:

RUMMAFY 

Ada^livft or "ieuming" ayatemB can automatlc-illy modify their ovm 

structures to OY^imizt  performance based on past experiences. The system 

desiwier "teaches" by shoving the system examples of l..puc slyiilo or pat- 

temp and simultaneously what he would like the output to be for each in- 

put. The cyBtem In turn organizes Itself to comply as wall as possible 

with the wishes of the designer. 

An adaptive pattern classification machine (called "Adallne", for 

adaptive linear) hac been devised to illustrate adaptive behavior and 

artificial learning. During a training phase, crude geometric patteri.3 

arp fed to the machine by setting the toggle swJt.hes in a Vx1* input array. 

Setting another toss^e switch tells the machine whether the desired output 

for the particular input pattern is +1 or -1. All input patterns are clas- 

sified into two categories. The system learns a little from each pattern 

and accordingly experiences a design change. After training, the machine 

can be used to classify the original patterns and noisy (distorted) ver- 

sionn of these patterns. 

A statistical theory has been developed which relates the competence 

of the classifier to the amount of experience had (number of patterns 

"seen" in adapting). Imperfect system adjustment results from small- 

sample-size experience. The misad.1u8traent, a dlmenslonless quantitative 

measure of the quality of adaption. Is defined as the ratio of the increase 

In probability of error of a system adapted to a small number of patterns 

to the probability of error of a "best-adapted" system (adapted to an 

arbitrarily large number of patterns). Treating the classifier as a 

roughly quantized sampled-data system, a statistical theory of adaption 

developed for adaptive sampled-data systems has been utilized to derive 

a formula fur mlsadjustment, 

The number of input lines is (n + l), and the number of patterns seen in 

adapting is N. Thic fomila leads to a basic "rule of thumb" for adaptive 

classiflerfi: The airaber of patterns required to train an adaptive classi- 

fier is equal to several times the number of bits per pattern. This 

- Hi - 
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Adaline, Perceptrons and Neural Networks 7(20)

Widrow preferred let the model output to be quantized:

II.    A NEURON ELEMENT 

In Pig. 1, a combinatorial logical circuit Is ■horn uhlch !• a 

typical element In the adaptive switching circuits to be considered. 

This element bears Bome resemblance to a "neuron" model introduced by 
3 

von Neunan ,  vbenoe the name. 

Input, 
lines 

♦1,-1 

»    «Output 

at ore odjuttobie 

FIG.   1.--AN  ADJUSTABLE NEMRON. 

The binary input signals on the Individual lines have values of +1 

or -1, rather than the usual values of 1 or 0. Within the neuron, a 

linear combination of the input signals Is formed. The weights are the 

gains a., a , ..., which could have both positive and negative values. 

The output signal is +1 if this weighted sum Is greater than a certain 

threshold, and -1 otherwise. The threshold level is determined by the 

setting of a , whose input is permanently connected to a +1 source. 

Varying a0 varies a constant added to the linear combination of input 

signals. 
5 

For fixed gain settings, each of the 2 possible input comblna+'ons 

would cause either a +1 or -1 output. Thus, all possible Inputs are 

classified into two categories. The input.output relationship is deter- 

mined by choice of the gains a.,...a_. In the adaptive neuron, these 

gains are set during the "training" procedure. 

3 - 

and called the element a “neuron” (inspired by von Neuman, 1956).

This links to the concept on perceptrons introduced by Rosenblatt,
Cornell, 1957.
We recognize the figure above as a “one hidden layer neural
network” (with one neuron).
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Back to SA and Recursive Identification 8(20)

The LMS or Robbins-Monro scheme for estimating θ in a linear
regression

y(t) = ϕT(t)θ + e(t); θ̂(t) = θ̂(t− 1) + γϕ(t)(y(t)− ϕT(t)θ̂(t− 1))

is an example of a recursive identification algorithm, to build models
of dynamical systems, on-line, without storing all observations over
time t.

In this linear regression case, we can write the basic Least Squares
estimate

θ̂(t) = [
t

∑
k=1

ϕ(k)ϕT(k)]−1 ∑ ϕ(k)y(k) = R−1(t)∑ ϕ(k)y(k)

which can be exactly rewritten recursively as (RLS)

θ̂(t) = θ̂(t− 1) + R−1(t)ϕ(t)(y(t)− ϕT(t)θ(t− 1))
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Stoch Appr and Recursive Identification, cnt’d 9(20)

Note that this is exactly LMS,

θ̂(t) = θ̂(t− 1) + γϕ(t)(y(t)− ϕT(t)θ̂(t− 1))

only that γ is replaced with R−1, the inverse of the Hessian of the
criterion, changing the gradient step to a Newton step.

This indicates the links between SA and recursive identification also
for more sophisticated model structures than linear regressions.
And Recursive identification is the essential engine behind most
adaptive (“learning”) algorithms in control and signal processing.
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Convergence of Learning Algorithms 10(20)

Inspired from the Robbins- Monro scheme, a (recursive) learning
algorithm has the structure

x(t) = x(t− 1) + γ(t)Q(x(t− 1), e(t)); γ(t)→ 0, ∑ γ(t) = ∞

x is the “decision variable” , e is some noise term and Q is a
measurement of the current behaviour. How does x(t) behave?
Does it converge to something as t→ ∞?

Define the ODE

d
dτ

x(τ) = M(x(τ)); M(x) = EQ(x, e)

Then the paths of x(t) asymptotically follow the trajectories of x(τ).
Stability of the ODE implies convergence of the learning algorithm.
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Connections to Machine Learning 11(20)

Machine Learning is in the end, I would say, about building a function

y = f (x)

from observations of stimuli xt and corresponding (noisy) responses
yt.

The data may come from anywhere. The spaces where x and y
live can be quite diverse (from high-school curve fitting,
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Parameterizations 12(20)

We typically need a way to parameterize the function f . One way is
to select features Φ(x) ∈ Rp by some projections. The selection
may itself be parameterized: Φ(x, η). f will now be a function of
Φ(x, η)) parameterized by θ; f (θ, Φ(x, η)).

Finding an informative projection Φ is a crucial problem and is
related to “deep learning”
For simplicity we ignore η and let f be a linear function of θ:

f (x) = ΦT(x)θ

and measure the fit between y and f by a quadratic criterion
‖y−ΦT(x)θ)‖2 (Possibly with an additive regularizor Ω(θ)).
which make the estimation problem in this special case a linear least
squares problem.
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Parameterizations 12(20)

We typically need a way to parameterize the function f . One way is
to select features Φ(x) ∈ Rp by some projections. The selection
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Finding an informative projection Φ is a crucial problem and is
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Convergence Rates 13(20)

Then we can apply the Robbins-Monro (stochastic gradient, LMS)
method

θ̂(t) = θ̂(t− 1) + γtΦ(xt)[y(t)−ΦT(xt)θ̂(t− 1)]

or the stochastic Newton (RLS) method

θ̂(t) = θ̂(t− 1) + R(t)−1Φ(xt)[y(t)−ΦT(xt)θ̂(t− 1)]; R(t) ∼∑ ΦΦT
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Rates: Importance of the Conditioning of R 14(20)

The convergence rate of RLS is always ∼ 1
t :

lim
t→∞

tE‖θ̂(t)− θ0‖2 = Π; Cramér-Rao

while the convergence rate of LMS can be very slow if R is
ill-conditioned.

Iterative methods for minimizing smooth functions

• Assumption: g convex and smooth on Rp

• Gradient descent: θt = θt−1 − γt g
′(θt−1)

– O(1/t) convergence rate for convex functions

– O(e−(µ/L)t) convergence rate for strongly convex functions

So aim for using RLS. But R is p× p, p being the number of features -
which could be very large (∼ 1300000 in “big data” machine learning
like the “News” benchmark1) and the Newton step is then forbidding.

1UCI repository of Machine learning databases
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An Interesting Observation: Accelerated Convergence
Polyak and Juditsky, 1992 15(20)

Define “a second round of averaging”:

θ̃(t) = θ̃(t− 1) + γ̃tΦ(xf )[y(t)−ΦT(xt)θ̃(t− 1)]

θ̂(t) =
1
t ∑ θ̃(k)

γ̃ "slowly decaying, or even a small constant.

Then θ̂(t) has the same
convergence rate as the Newton estimate!

lim
t→∞

tE‖θ̂(t)− θ0‖2 = Π; Cramér-Rao

No p× p matrix ever formed!
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A Digression, "Self-learning" 16(20)

In the setup

y = f (x)

from observations of stimuli xt and corresponding (noisy) responses
yt it could be that the values y are never measured, but still f is
sought. (“unsupervised learning, learning without a teacher,
self-learning”).

Is that at all possible? Well, suppose we have a
classification problem, so f is either A or B and x is distributed
according to

So it is clear that it can be done,but
can it be done recursively?

The means of the distributions are -2 and 2. Suppose p% falls in the
left bin.
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Convergence Analysis 17(20)

For the classification problem, let the algorithm be that xt < ct is
classified as A and B else. Let ct be (cA

t + cB
t )/2 where cA

t is the
mean of the x:s classified as A so far and analogously for cB

t . Then
what happens?
The algorithm can be written as

c(t) = c(t− 1) + γ(t)Q(c(t− 1), xt); c(t) =
[

cA
t

cB
t

]
where Q is formed from the rules expressed above.

Will this simple
recursive classifier always converge, regardless of starting values
x(0) and relative distribution p?
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Convergence Analysis for the Unsupervised
Classification 18(20)

A convergence analysis can be based on the ODE’s mentioned
earlier, that correspond to infinitesimally small steps in the recursive
algorithm:

Define the ODE

d
dτ

x(τ) = M(x(τ)); M(x) = EQ(x, e)

1) p = 50% 2) p = 99%
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Self-learning 19(20)

It is clear that self-learning something about f in y = f (x) from x only
could be a meaningful problem.

Self-Organizing maps (Kohonen)

Manifold learning
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SA: Then and Now! 20(20)

The stochastic approximation algorithms were very hot in the 70’s.

But still today - 50 years later - stochastic approximation ideas are
very central in (parts of) Machine Learning.
Invited keynote presentation at ERNSI in October:

Francis Bach (INRIA): Beyond Stochastic Gradient Descent for
Large-Scale Machine Learning

centered around Gradient and Newton algorithms, and accelerated
convergence aspects for parameter estimation (like I did here).
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