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Introduction
This work deals with the issue of obtaining consistent param-
eter estimators in nonlinear regression models where the re-
gressors are second-order modulus functions, which is a struc-
ture that is often used in models of marine vessels. It is shown
that the accuracy of an instrumental variable estimator can be
improved by conducting experiments where the input signal
has a static offset of sufficient amplitude and the instru-
ments are forced to have zero mean.

Taylor alternative
Abkowitz (1964):

Taylor-series expansion
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Port/starboard symmetry

Ô� no second-order terms.

Fedyaevsky and Sobolev (1963):
Second-order modulus functions
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Port/starboard symmetry thanks to
modulus operator.

Motivating example

System:

¢̈̈¦̈̈¤
x�k � 1� � n0x�k�Tx�k�T � f0u�k� �w�k�
y�k� � x�k� � e�k�

Model: ŷ�kSθ� � ny�k � 1�Ty�k � 1�T � fu�k � 1�
Zero-centered input �u�k� � ũ�k�, Ē�ũ�k�� � 0�

Asymptotic LS estimate: lim
N�ª
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Pick noise-free regressors as instruments

ζ�k� � �x�k � 1�Tx�k � 1�T u�k � 1��T

Asymptotic IV estimate: lim
N�ª

θ̂IVN �� �
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Excitation offset �u�k� � ū � ũ�k�, Ē�ũ�k�� � 0�
Subract mean from instruments

ζ�k� � �x�k � 1�2 � Ē�x�k � 1�2� u�k � 1� � Ē�u�k � 1���T
Asymptotic IV estimate: lim

N�ª
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Lemma: Consistency

System:

¢̈̈̈
¦̈̈̈
¤
x�k � 1� � ΦT��xT�k� uT�k��T�θ0 �w�k�
y�k� � x�k� � e�k�

Model: ŷ�k� � ΦT��yT�k � 1� uT�k��T�θ
Common assumptions:

• f � ΦT�.�θ sec.-ord. mod.

• w, e zero mean and i.i.d.

• Global identifiability

• Open-loop experiments

• ζ, w, emutually indep.

• E�ζ�k�ΦT�k�� full rank

Key assumptions:

• The input excites the system
so that

Txi�k�T A ηi A Tei�k�T , i � 1, � n

• Ē�ζ�k�� � 0

Ô� IV consistent estimator of θ.

Yaw-rate simulation
r�k � 1� � a0r�k� � n0r�k�Tr�k�T � f0τ�k� �w�k�,

y�k� � r�k� � e�k�,
Themodel is describing the yawmotion of
an underwater vehicle (Fossen 2011).

θ̂ � θ0 histograms
(zero-centered input)

LS �

IV �

θ̂ � θ0 histograms
(excitation offset)

LS �

IV �

IV E�ζ��0 �

Surface-vessel simulation
6-DOF system (surge, sway, heave, roll, pitch, yaw):

Mν̇ �CRBν �N�ν�ν � τact � τwind � τwave
y �Hν � e,

3-DOF second-order modulus model (surge, sway, yaw):

y�k � 1� � ΦT��yT�k� τTact�k��T�θ, θ > R17

Fit histograms
(excitation offset)

Possible future work and ideas
• A more thorough investigation of usefulness of the pro-
posed method for limited data sets.

• Consider the casewhere only parts of the state vector can
be measured directly.

• Understand how to deal with cubic terms (Abkowitz’
model structure).
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