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We want to solve

in f
i)

where f: R? — R is convex and differentiable.

How?
e Gradient descent e Tensor methods
e Accelerated gradient methods e Stochastic methods

e Newton's methods e Coordinate methods



Gradient descent

XKL = xk AV F(xK)

History:
0. Cauchy (1847), H. Curry (1944), A. Goldshtein (1962), B. Polyak (1963),
L. Armijo (1966)

Theorem
Suppose f is convex, Vf is L-Lipschitz, and X € (0,2). Then x* — x* € argminf. For A = 1,

the rate is

L||x® — x*||?
k _ * < L L
) =) = 22k +1)



From discrete to continuous

XKL = xk AV F(x¥)

Let x(t) be a continuous curve with x(\k) = x*.

For t = Ak,
x(t+ A) = x(t) — AVF(x(t))
—
x(t+ ) —x(t)
3 = —Vf(x(t))
If A —0,



Gradient flow

Continuous counterpart of GD:

x'(t) = =VF(x(t))

Let W(t) = 3[[x(t) — x*||* be a Lyapunov function. Then

1d 112 x Ut

2 () = I = (x(8) = x X (0)
= (x(8) =x*, =VF(x(1)))
< f(x*) = f(x(t)) //convexity
<0

1
= x(t) = x* € argminf  and f(x(t)) — f(x*) < EHXO —x*|)?



From continuous to discrete: possible issues

XKL = xk _ AV F(x5)

. GD is not general: many functions are not L-smooth (i.e., gradients are not L-Lipschitz).
. GD is not a free lunch: one needs to guess \.

. GD is not robust: with \ > 2 may lead to divergence.
I y g
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. GD is slow: even if L is finite, it might be larger than local smoothness.



Workaround-1

What to do?

1. GD is not general: many functions are not L-smooth.
Solutions: mirror descent with relative smoothness / dual preconditioning?
[Birnbaum et.al., 2011, Bauschke et.al., 2016, Lu et.al., 2016, Maddison et.al.,2019]

Vh(xkﬂ) = Vh(xk) = )\Vf(xk) or KL = xk )\Vh(Vf(xk))

Cons: work only for specific f, still need to guess A.

2. GD is not a free lunch: one needs to guess \.
Solution: line search?

try A=+
XKL = xk AV F(x¥)
until £(x¥1) < F(x¥) - c||VF(x¥)|?

Cons: more expensive than GD



Workaround-2

3. GD is slow
Solution: Polyak’s stepsize?

_ () -1
IVE(x9)]1?

Xkt = xk — /\ka(xk)

Ak

Cons: needs f,

Solution-2: Barzilai-Borwein stepsize?

(VF(xK) — VF(xk=1), xk — xk=1)
IVF(xk) = VE(xk—1)]12

XKL = Xk — X\ VF(x¥)

Ak =

Cons: guarantees only for quadratic f, doesn’t work in general.
Counterexample in [Burdakov et.al., 2019]



Required tools

Law of cosines:
lla+ bl|> = [lall* + 2(a, b) + ||b]|?

Convexity:

(VF(x),y —x) < f(y) — f(x)
Smoothness:

IVF(y) = VI < Llly — x|

convexity
<~
L
Fy) <0 +(VF()y =) + S lly = xI1°

descent inequality



Standard analysis of GD

XKL = xk _ AV F(x¥)
Law of cosines:
XK — x|2 = (xR — xR xK — Xt 12
= fIx% = X2 4 20K = xK xk ) g XKL k|2

= [l — X774 2X(VF(xK), X" — x) + [lx*HE — |2

Convexity:
2MVF(xK), x* — xK) <2A(F(x*) — £(x9))
Smoothness:
F) < FK) 4 (TF(E), x4 k) 4 kT — k2
—

f(Xk+1) < f(Xk) _ 2 ;)\)\L||Xk+1 _ Xk||2
10



Standard analysis of GD

Summing up,
XK = X2 4 20(F () — £(x)) < XK = X7 = (1= AL)[x*Ft — XK|P?
Let VU, = ka —x*I2 A<

1
L

Wi+ 20(F(H) — £(x")) < W

11



Proposed algorithm

=xk— /\ka(xk)

_ ' — x|

—IVE(xR) = V()]
_ b
=L

XKL = Xk N VF(xF)

' = x|

T IVA(xR) = VD)
1
Ak = min {\/ 1+ 0k 1 1 ,7}
2L

Ak
9 =
T X

Ly
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Adaptive Gradient Descent without Descent

xKFL = Xk X\ VF(xF)
k71||

o [|Ixk — x
Ak = min { \/mAH 2V F(xk) — vf(xk—l)”}

Ak—1

Ok

New energy:
Wipr = X — 12 4+ 20(1 + 0k) (F(x¥) — F(x*)) + %nxk+1 —xK?
Decrease of energy:
Wi < Ve + | (ORIVEGR) = VAGK = 5k =k 1)2)
+2 (M (T4 k1) = Mk F(X*1) = F(x¥)
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Convergence

Adaptive gradient descent without descent:
, [l — x|
Ak = V314 Ok_1 Ak
k ”"”{ T Ok—1 L I Ry — Vf(xk—1)||}
XKL = Xk N VF(xF)
Ak—1

Ok

Theorem
Suppose that f: RY — R is convex with locally Lipschitz gradient V.

Then xX — x* € argmin f and
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How good is it?

1071
1074
-regularized logistic regression: -
&
o |
1 T < 10-10
—b;a; g 2 X
= log(L+e 7% ) + x| =
n 4 2
i=1 10713
— 6D
1071 - —e— Nesterov

—#*— AdGD
0 500 1000 1500 2000 2500 3000

Iteration

Figure 1: mushroom dataset
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Strongly convex case

Let f be p-strongly convex, i.e.,

a(l —a)

o 2
5 pllx =yl

af(x) + (1 —a)f(y) > flax+ (1 —a)y)+

GD complexity for ||x* — x*||2 < ¢is O(ﬁ log 1)
Our complexity for ||x* — x*|> < ¢ is O(ﬁ—l, log 1),

where L', 1)/ are local smoothness and strong convexity on Conv{xp, xi, ... }
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Acceleration (heuristic)

When f is p-strongly convex and L-smooth, the “best” GD-type method is
1
yirt =Xk - ZVf(xk),

XFHL = g gyt — k),

where § = ﬁ;ﬁ [Nesterov, 2004]

We know how to estimate L locally:

. Ok—1 [|xk — x5
p— 1 —
Ak m'”{\/ + M 1’2||Vf(xk)fo(x"*1)H}

What about p? f is p-strongly convex = f* is %—smooth. Hence,

G, lp* — P2 }
k=15 *( k w( pk—1
2|V F*(pk) — VEx(pk1)]|

/\k—min{ 1+

What is pi? Let’s set py = Vf(x¥) and use VF*(Vf(x)) = x
17



Adaptive “accelerated’ gradient descent

k,Xk 1 -4
M= min{ /14 S22 0, ool ) o
m{\/l—l— Oi1p, _ flg Iv{znkx)k_Z[(:H I)H} I 1(:0

>

<
Il
3.

ﬂ W/1/>\k VA =
Ly PYERV/ v 10" oD
k+1 k k
yet =Xt - )\ka(X ) 107" : nggmv
Xk+1 _ yk+1 + ﬂk(yk+1 _ yk) —A— AdGD-accel
= >\k . Ak
= Dk = 0 500 1000 1500 2000 2500 3000
Ok Ak—1' Ok Ak—1

Iteration

Figure 2: mushroom dataset
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Stochastic extensions (heuristic)

RN
min 7 2 ()

SGD: 092

Xk+1 — Xk _ )\kvf&k(Xk) EOBO
:.,5),0.88
- ©
Adaptive SGD: % 0.6
[ — sGD
0.84 —— SGDm
1. Sample fk —— Adam
VAR =V (<Y | 0.82 —— AdGD, (1 +6k-1/10, 1/L¢)
2. Lk — ”inxk—lll —— AdGD, (1 +6k_1,0.5/Ly)
J 0.80
o k-1 o 0 50 100 150 200 250
3. A= m.n{,/1+ . AH,H} Eooch
4. xKFL = xk — X Ve (x¥)
5. 0, = )\i‘kl Figure 3: Test accuracy

19



Open questions

e Acceleration
e Mirror descent variant

e Nonconvexity
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