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Contributions
• Formulating the time-optimal cooperative path tracking
problem as a convex optimization problem and subse-
quently as an SOCP.

• Proposing a new approach for obtaining internal force-free
load distributions.

Time-optimal cooperative path tracking
Problem

• An object is rigidly grasped by multiple manipulators. The
objective is to minimize the traversal time required tomove
the object with a desired orientation along a prescribed ge-
ometric path, where the path is given for the centre of mass
of the object.

• The prescribed geometric path and the object’s orientation
are given as functions of the scalar path coordinate s.

Dynamics

Manipulator: Mi(qi)q̈i + Ci(qi, q̇i)q̇i + gi(qi) = τi − JT
i (qi)hi

Object: MO(xO)v̇O + CO(xO, ẋO)vO + gO = hO

Relationship between forces hO and hi

hO = G(s)h, h = [hT
1 , . . . , h

T
N ]

T

Solution: h = G†hO + V hI

Coupled dynamics

τ̃ (s) =
(
m̃(s) + J̃T (s)G†(s)mO(s)

)
s̈ +

(
c̃(s) + J̃T (s)G†(s)cO(s)

)
ṡ2

+ g̃(s) + J̃T (s)G†(s)gO + J̃T (s)V (s)hI

Convex formulation

minimize
a(·), b(·), τ̃ (·)

∫ 1

0

1√
b(s)

ds

subject to τ̃ (s) =
(
m̃(s) + J̃T (s)G†(s)mO(s)

)
a(s)

+
(
c̃(s) + J̃T (s)G†(s)cO(s)

)
b(s)

+ g̃(s) + J̃T (s)G†(s)gO + J̃T (s)V (s)hI,

b′(s) = 2a(s),

b(0) = ṡ20, b(1) = ṡ2T , b(s) ≥ 0, b(s) ≤ b(s),

τ i(s) ≤ τi(s) ≤ τ i(s), i ∈ N ,

∀s ∈ [0, 1].

Figure 1: Joint torques τ1(s) and τ2(s)

Figure 2: Joint velocities q̇1(s) and q̇2(s)

Internal force-free load distributions
Problem: How to chooseG† so that resulting force distribu-
tion from h = G†hO becomes free of internal forces.

• In this approach, the object is divided into several parts and

the forces required to move the parts according to the de-
sired motion of the object are computed. Then the pseudo-
inverse is chosen in such a way that it results in the same
distribution of forces.

• Segments are chosen in such a way that their centres of
mass become the same as the object’s centre of mass.

• The obtained pseudo-inverse of the grasp matrix is param-
eterized by coefficients that have themeaning of the inertial
parameters of the considered parts of the object.

Three-dimensional convex objects with uniform mass density

G⋆ =


mO1

m I3 03×3

−mO1

m S(p1O) λ1I3
mO2

m I3 03×3

−mO2

m S(p2O) λ2I3

 , λ1 =
(mO1

m

)5
3, λ2 = 1−

(mO1

m

)5
3

Table 1: Minimal traversal time for some values of the mass ratios.

mO1
/m mO2

/m Minimal traversal time (sec)
0.15 0.85 0.855
0.35 0.65 0.637
0.55 0.45 0.684
0.85 0.15 1.001

Future work
• Incorporate constraints that do not preserve convexity
• Devise a distributed algorithm for solving the optimization
problem

• Extend the results to scenarios with nonconvex objects

LINKÖPING UNIVERSITY
Division of Automatic Control


